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Analyticity of the Density of States in
the Anderson Model on the Bethe Lattice

Victor Acosta' and Abel Klein'

Received December 20, 1991; final March 24, 1992

Let H=14+V¥ on [*B), where B is the Bethe lattice and V(x), xeB, are
Lid.r.v’s with common probability distribution g. It is shown that for distribu-
tions sufficiently close to the Cauchy distribution, the density of states p(E) is
analytic in a strip about the real axis.
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1. INTRODUCTION

The Bethe lattice B is an infinite connected graph with no closed loops and
a fixed degree (number of nearest neighbors) at each vertex (site or point).
The degree is called the coordination number and the connectivity k is one
less the coordination number.

The distance between two sites x and y will be denoted by |x — y| and
is equal to the length of the shortest path connecting x and y. The finite
volume A, will consist of all sites whose distance from a chosen origin is
less than or equal to /. The boundary of 4,, 04,, will consist of nearest
neighbor pairs {x, y» such that xe A, and y¢ 4,.

The Anderson model on the Bethe lattice is given by the random
Hamiltonian H=H,+ ¥V on I’(B)={u: B> C| Y. __p |u(x)|*< oo}, where

(Hu)x)=3% ) uy) (L1)
yilx—yl=1

and ¥V(x), xeB, are independent and identically distributed random
variables with common probability distribution g The characteristic
function of u will be denoted by &, ie., A(t)= [ e~ ™ du(v).
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Let ¥, denote the characteristic function of 4,. Define the measure dN,
by

1
| 16y a3 = () 1) (12)
and the measure dN by
[ 12y anv(a) =E(sn(0, 0)) (13)

for any bounded measurable function f. It is a consequence of the ergodic
theorem (see Appendix) that dN, converges vaguely to dN P-as. (see, e.g.,
ref. 1). The integrated density of states N{E) is then defined by

NE)= [ 2oy () AN(A) (1.4)

and the density of states is given by p(E)= N'(E).

For the case k=1 (the one-dimensional case), the integrated density
of states is a continuous function,*™* being log Holder continuous if the
condition | log(1 + |v]) du(v) < oo holds.”) Both Campanino and Klein®
and March and Sznitman® proved in the one-dimensional case that if A(¢)
is exponentially bounded, then N(E) is analytic in a strip about the real
axis. Kunz and Souillard”’ have announced results on the Bethe lattice
concerning the analyticity of the density of states for distributions close to
the Cauchy distribution, but no proofs have been provided.

For the Cauchy distribution, ie., du = (4/n)(A*+ x?) ! dx, the density
of states can be computed explicitly and is analytic for |Im E| < 4. In this
article we study the analyticity of the density of states for distributions
sufficiently close to the Cauchy distribution. Our conditions will be stated
in terms of A, the characteristic function of u. We will only be interested in
h(t) for =0 and we will only consider the right-hand-side derivatives at
t=0.

Introducing the Banach spaces

S,= {f: [0, 00) — C absolute continuous| || /] s,

Elj e f 1) }

where o >0 and | f| ,, =ess Sup,. o, |f(£)l, we can now state our resuit.
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Theorem 1.1. Let h, be the characteristic function of the Cauchy
distribution with parameter 4, ie., ho(t)=e * for t>=0. Then, for any
8> 3(k+ 1), there exists a neighborhood U around 0 in the space S, such
that if h—hye U, then p(E) is analytic in the strip |Im E| <& for some
e>0.

We will study the density of states by analyzing the Green’s function
of H. The Green’s function corresponding to our Hamiltonian H is given
by

G(x, y;z)=<{x|(H—2)""1 p) (L5)

for x, ye B and Im z > 0. We will write G(z) =E(G(0, 0; z)).

Since N(E)=E(0| P(—o0, E] |0, where P is the spectral projection
of H, we have that G(z) is the Borel transform of N(E) (e.g., refs. 8 and 9),
ie.,
dN(FE)
E—z

G(z)=]
and we have the following:

(i) G(E+i0)=lim, , G(E+ in) exists for a.e. Ec R.

(ii) Suppose G(E+i0) exists for all £ in an open interval I; then
N(E) is absolutely continuous and p(E) = (1/n) Im G(E + i0).

Thus, to obtain the analyticity of p(E), it suffices to prove the analyticity
of G(E +10).

The operator H, will denote the operator H restricted to /*(4,) with
Dirichlet boundary conditions. The Green’s function corresponding to H,
will be denoted by

G](X, y’Z)=<xi (HI—Z)_1|y>’ X, yEAIs Imz>0

(1.6)
G,(z)=E(G,(0,0; 7))

We will need the following proposition, whose proof will be postponed
until Section 5.

Proposition 1.2. If Im z>0, then lim,_, , G/(x, y;z) = G(x, y; z).
In particular, we have lim,_, , G,(z) = G(=2).

In Section 2 we will use the supersymmetric replica trick to rewrite
G,(z) as a two-point function of a supersymmetric field theory. We will
show that if A, is the characteristic function of the Cauchy distribution with
parameter /, then G,(z) can be computed explicitly and converges to G(z),
which is analytic in z for Im z> —A. In Sections 3 and 4 we will examine
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G,(z) in a neighborhood of 4, in the space S, with 0 <« < A. Our expres-
sion for G,(z) will give rise to a nonlinear equation and we will then apply
an analytic implicit function theorem and a stability theorem to conclude
that for any bounded interval 7 and 0 <a’' < a, there exists a neighborhood
U around A, in S, such that if 1€ U, then G,(-) converges to a function
G(-) which is analytic in the region {zeC:Rezel, Im z> —a’}. This will
give the analyticity of p(E) in the region {E€C:Re E€l, |Im E| <a'}.
In Section5 we show that for any h satisfying h—hyeS;, for any
0> (1/2)(k+ 1), we have, for some positive Ey< +00 and some &> 0,
the analyticity of p(E) in {E€C: |Re E| > E,, |Im E| <¢}. In Section 6 we
will combine the results of Sections 3-5 to obtain Theorem 1.1.

2. THE DENSITY OF STATES FOR THE CAUCHY
DISTRIBUTION

The supersymmetric replica trick®'® says that if x,, x,e4, and
Im z >0, then

Gi(xy, xy52)={xy| (H,—z) " x>

—i W) P e { i T 00 [(H,—2) 10| D,
e 2.1)

where  &(x) = ((x), Y(x), ¥(x)), p(x)€R? Y(x) and Y(x) are anti-
commuting “variables” (i.c., elements of a Grassmann algebra),

D(x)-B(y)=@(x)- o(¥)+ 5[ (x) Y(») + ¥ (y) ¥(x)]
and

D,®= [] do(x)  where d<15(x)=—d¢ x) dr(x) d*op(x)

xe A

To compute functions of ¥, ¥, we expand in a power series that terminates
after a finite number of terms due to the anticommutativity. The linear
functional denoted by integration against di(x) d(x) is defined by

J‘ Lao+ a ¥ (x) + ax¥(x) + as b (x) Y(x)] df (x) dp(x) = —a;  (22)

Using the definition of H; and averaging over the random potential, we
obtain

G(z, h)= fﬁ((ﬂ z, )L TB(z, h)(---(TB(z, h) 1)*-- )1 "1 (9*) d’p
(I —1) times

(2.3)
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where the dependence on h is indicated and where ¢ € R?
B(9? z, h)=h(p?) €"?’, B(z,h) denotes the operator multiplication by
B(@?%; 2, h), and T is the operator given by

1 oo
(IeH= == e T (9™) d¢’

Note that T preserves the value at 0, i.e., (Tf)(0) = f(0).
If one defines the Hilbert space®

H = { 710, o0) — C absolutely continuous|
1
= X 15 O < 24)
k=0
and the subspace
A= {feH; [(0)=0]
then one has that T is unitary on 2 and #9.
For the case when the potential distribution is the Cauchy distribution
with parameter 2, it is known that G(z) = G™(z + ii), where G™°(z) is the
Green’s function of H, (e.g., refs. 10 and 18). In particular, we get the well-

known result N(E) = N™(E + iA). Thus, we proceed to compute G™(z).
For the free Hamiltonian H,, V(x)=0, so A=1. Then

E(@?) = (TB(z, h) 1) (@2) = {74197 = gl2)¢? (2.5)

where
6,(z)=— (2.6)

So inductively one gets

E(0?) = (TB(z, h)(--- (TB(z, h) 1)*--- ) (9) = ™" (27)

n times

where

R TP AEY 9
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Now if 8, converges to some y, then we must have

.~k
"4z 1)
or
P=il-z£ (2= k)]
Proposition 2.1. For each fixed z with Im z>0, §,(z) converges
to

y+(@)=3l—z+ (22— k)]
where Im \/>O.

Proof. For fixed z with Im z> 0, let

The fixed points of S are
P2y =30 —z+ (22~ k)'7]

y_(z2)=3[—z—(2>— k)]
Also

—k
S(0)="~

So S takes y,,y_,0toy,, y_, —k/4z Recall that if w=T(z) is a frac-
tional linear transformation taking z,, z,, z3 to w;, w,, w,, respectively,
then

W—W, W3—W, Z—2Z Z3—1I

W—W, Wy—W, Z—2Z, Z3—I;

= (T )

=)

Thus

i
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where
:<v_,_><(k/42)+v+>= (ky_f42) +y .7
(kjAz)+y_ ) (ky, /Az)+7y.7-
_ (ky_/4z) + (k/4)
~ (ky ,/4z) + (k/4)
_y,-i—z_z——(zz—k)l/z_ k
itz 2+ (PR [+ (22 —k)PT
If

n times

Un_y+=cn<uﬁy+>
v, —_ u—7y_
Now |c| '=(1/k)|z+ (z>—k)"*|*> and so we look at the mapping
zoz+ (22 —k)"2

From Fig. 1 we see that for Im z> 0, |z + (z*—k)'?| >\//;, $0 |e| < 1.
As n— o0, [c|" =0, so

then we have

Uy =74
U,—7_

which means v, —»y .. But

which implies -
—k
"4, +72)
If we take u=0, then v, = —(k/4z)=0,(z) and so v, =8,(z), which gives us
0(2) > v.(2) 1
Now we also have
E@?) = (TB(z, h)(--- (TB(z, h) 1)* - )*)* (0?)

n times

v

___etB,,(z)w _)el/+(2)¢ —fo (29)

Flg 1. The map z—>z+(z )‘/2
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So by the dominated convergence theorem we have

Gfree(z)= hm Ggree(z)___ijeiz¢leiy+(z)¢26i(1/k)y+(z)¢2 dz(p
T

—1
Sz [+ (1701, (2)

for Im z> 0. It can easily be seen that G™°(E + i0) exists for all E and so
N'™(E) is absolutely continuous and the density of states is then given by

(2.10)

2 (k+ 1)(k— E*)'?

if E?*<k
n (k+1)>—4E?
sy " KFD (2.11)

0 otherwise

In addition, we see from (2.11) that the spectrum of H,, o(H,), is
[—\/E, +ﬁ].

For the Cauchy distribution with parameter A>0, we have
G(z) = G"™(z +il). Thus

6(z) !

TZHiA+ [+ (YR, (z+id)

(2.12)

which yields

1
p(E)==1

T E+idt [1+ (k) ]{ —(E+ii) + [(E+iA)’ — k] (2.13)

So we see from (2.13) that for the Cauchy distribution, (H)=R and the
density of states is analytic in the strip |Im E} < A.

3. CONVERGENCE OF THE AVERAGED GREEN’S FUNCTION
FOR DISTRIBUTIONS NEAR THE CAUCHY DISTRIBUTION

Recall from Section 2 that we have for Im z>0

Gilz, i) == [ Bl 2 MILTB(, W)+ (TBGz, W) 1V T (0) d%

(/— 1)times 3.1)

If we let
glz, h, f)=(TB(z, h) f)* (32)
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then (3.1) can be rewritten as

Giles ) == [ B0 2 WTge b D(TBLz h) &' (2 ) N(07) P (33)

where
gz, h, 1) =[TB(z, h)(--- (TB(z, h) 1)*--- ) ]¥ (3.4)

! times

For the case where the distribution is the Cauchy distribution, ie.,
ho(@?)=e """, we know that g'(z, hy, 1) converges to the fixed point f;,
where

fO(QDZ) — eiy+(z+i/1)<p2
and

vo2) =3 —z+ (22— k)21 (Im/>0)

It will be shown that for distributions sufficiently close to the Cauchy
distribution, g'(z, h, 1) converges to a fixed point f which is close to f.
Recall the Banach space

’
=< f: [0, o) —» C absolutely continuous | | /1,

Z leXf )] }

where « is fixed and is in the interval (0, ). Now define the Banach spaces

={f€9fii £ 1% =115+ 2 17905 < +°0}
k=0
={fe#: f(0)=0}

Let D,={zeC:Imz> —a}. The first thing we need to do is show that g

given by (3.2) is a continuous mapping from D, x S, x #, into 7, ie.,

glz, h, f)e s for all (z,h, f)eD,xS,x#. Noting that # forms an

algebra, it suffices to show that the mapping (z, 4, /) — TB(z, h) fis a con-

tinuous mapping from D, x S, x # into #,. It is straightforward to show

the continuity of this map. Thus we need only show that TB(z, &) fe #,.
Now 9

(3.5)

1 .
(Tf o) =—_[e (g} 0, 36)

1 .
(T (%)== [ e (o] d%,
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and so
1

ITB(z, h) fll o <= ICBF VNl Li410,00).ar

1 1
S 1Moo 181 110, 50y,ary + = 1 Moo 1B Li(g0, 0), ary < 0
7 7

1
W(TB@ ) S o < = 1B W aigo,00.0

1
< g Wl 181 Liro,co.am < 0 (3.7)

Finally, if f € #, then fe # and B(z, h) f € #,. Since T is unitary on #,,
it follows that TB(z, h) '€ #,. So we have that TB(z, h) f € #,.

It should be noted that although f(¢?)=1 is not in #,, TB(z, h) does
map the function which is identically 1 to #. Thus, g(z, 4, 1) is in 4 and
consequently so is g'(z, A, 1).

We will study the convergence of {g"(z, 4, )}, where

gz hf)=glz,h, g" Nz, b, [))

If g"(z, b, ) converges, then the limit must be a solution to the equation

f=glzh f) (3.8)
Thus we will consider the equation
F(Z:h:f)=g(zahvf)_f=0 (39)

3.1. THE DIFFERENTIABILITY OF F

Proposition 3.1. Let Imz,> —a. Then the map F: D, x S, x # — #,
given by (3.9) is Frechet differentiable in a neighborhood W< D_x S, x J#,

of '(207 hO: fO)
PrOOf' Let y= (27 ha f): Yo= (205 h()a f())a and
¥ ¢ xs5,x 2, =max(lzl, IAlls,, |/l )

We will assume throughout this proof that ||y — yollc s, . 7 <0 for some
small § > 0.
Define the map Q: W — 3 by

QW)(r)=(B(z, h) f)r) = B(r; z, h) f(r)
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It is straightforward to show that

12(3) = 0(30) = Q' o)y = ¥l e S C' 1y — Yol e s (3.10)

where Q'(y,) is a bounded linear operator from C x S, x # to J given by

(Q'(yo) ¥)(r)=irze™"ho(r) folr) + e™"h(r) fo(r) + €™ ho(r) f(r)

Here C’ is a constant which can be chosen uniformly for all y, in a
compact set in D, x S, x #, (we will need this uniformity later). Thus we
have the differentiability of Q in a neighborhood W of y,.

Now if T were a bounded linear operator on #,, we would
immediately have the same type of estimate for 7Q'(y,) as (3.10). Let y be
the operator on J which is multiplication by e* with —a < —&<Im z,.
Then yQ is differentiable with an estimate as in (3.10) and Ty ' is a
bounded linear operator on #. It then follows that we will get the same
type of estimate as in (3.10) for the derivative of (Tx ')(xQ)= TQ at y,.

The differentiability of g, where g(y) = g(z, h, )= (TB(z, h) f)*, now
follows casily. In fact, we again have

1e(¥)—8(¥0) = &' W) ¥ =M < C" |y — Yol exs, iz,  (3-11)

where, as before, C” is a constant which can be chosen uniformly for all y,
in a compact set in D, x S, x #. |

3.2. The Spectrum of the Linearized Operator F (z, h, fy)

We will now examine the spectrum of the derivative Fy(zy, hy, fo).
Our goal here is to show that F,(z, Ao, fo) is nonsingular. Since
Flzg, ho, fo) = g#(20, ho, fo) — 1, we need only show that

8:(zo, ho, 1o) =k(TB(zy, ho) fo)* ™ TB(zy, hy)

does not contain 1 in its spectrum.
Let

fl@?)=e" o9
Then for |¢] small

(TB(z0, ho) f) (@) =exp{ —i[4(zo+iA+7 (z0+iA)—i)] 7 @?}  (3.12)

where Im z,> —A. Then we have

[(TB(zo, ho) fo) ™" TB(zo, ho) 107 = W o(97) = frn(0?)  (3.13)

822/69/1-2-19
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where
) —y+(20+ii)_ 1
M"’( k 4[zo+i/1+y+(zo+i/1)—it]>
. _y+(ZO+M)_ 1
= ’( k A[q(zo+ M)-n]) (3.14)
and
q(z)=z+7,(2) (3.15)
If A=k[TB(zy, ho) fo1°~" TB(zo, ho), then
Af(0?) =kf,(0?) (3.16)
and so

2n — _gf_
A" f) =4 5 fil o

o

— A

61” ft|t=0
on

=k——
or"

fr(t)lt:O (317)

We can now prove the following about the spectrum of the operator
g:(29, ho, fo) on H#; where Im z5 > —A:

Proposition 3.2. If Im z,> —A, the operator

kL TB(zo, ho) f01° ™" TB(zo, ho): #4 — #,

has eigenvectors of the form (9> +a,_;*"~ Y+ .-+ +a,) f,, for every
n=0,1,2,. and a,=0 for n>1. The corresponding eigenvalues are
E,=k[2q(zo+ik)] ", so that |E,|<1 forn>1 and E,—»0 as n— +o0.

Proof. Equation (3.16) tells us that
k[TB(z,, ho) fo1“™ " TB(zo, ho) fo=kfo

So for the case n =0 we are done. We now seek an eigenvector of the form
(9% +a) f,. It must satisfy the equation

A(9*+a) fo=Ei(9>+a) fo (3.18)
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Now

d art / ' r(t)p?
2 fao= 1) = 02 (1) ) (319)

and Eq.(3.14) gives r'(1)=[4(g—it)’]"' and r'(0)=(4g?)~' [here
q=q(zo+i4)]. So using Eq. (3.17) with n=1 gives

) k
A(cpzfo):kafrm i ®°fo (3.20)
Substituting (3.20) into (3.18) gives
(pZ
k<@+a>fo=(Emo2+Ela)fo (3.21)

which implies E, = k/4q> and a=0. Since q(z)=z+7,(z), it follows that
29(z)=z+(z*—k)"%~ From Fig. 1 we see that for Im(zy+ il)>0,
|2q|>\/lz, or, equivalently, |E;|<1. So A(¢*f,)=E, 0%, with |E,|=
Ik/4g?) < 1.

For n>2 we have

”n

0 2
0= [o> (' ()" + - +¢*r"(1)] e fo(9?) (3.22)

and so
A(@™ + - +aq) fol9?) = [k(4g%) " @™ + - +kay] fo(@?) (3.23)
The eigenvector equation is
[k(4%) " @>" + -+ +kao)] fo(@*)=E (9™ + -+ +ao) fol9®) (324)

so that E,=k(4¢g%)™" and we can solve for the coefficients a, _,,..., a,.
Since (3.24) implies that ka, = E, a,, we must have a,=0. |
Proposition 3.3. The set of eigenvectors in Proposition 3.2 form a

complete set in .

Proof. Consider the isometry
n=2""%(1-28): #9 - L¥[0, 0), dr)

where Of(r)=f"(r), #% is #° with real inner product Re< -, - 0 and
LX([0, ), dr) is LX([0, co), dr) with real inner product Re( -, D 1210, w).dr)-
That = is an isometry follows from
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A g>3¢?= %<fa (1 —40%) g>EZ([0,oo),dr)
=3{(1=20) f, (1 =20) &) r2(10,c0),ar)
= {n(f), n(g)>Z2([0,oo),dr) (3.25)

Note that for functions f and g in L*(R, dr) which obey f(—r)=f(r) and
similarly for g, we have

Redf, 80 wat0,001,an = > &7 1w (172)ar)

Also note that 7 is not onto, e.g., no function in #9 is taken to exp(iy , r).
Let K= {r"e"*, n=1,2,..}. We will need the following result.
Lemma 3.4. Ku {exp(iy,r} is complete in L*([0, c0), dr).

Proof. Suppose
N, K" o, woyany =0 forevery m=0,1,2,..

For y, =s+it, t>0, we have

ikr t/+r

—rr itk
{n,e >L2([0 ©),dr) = {n,e™" ethslr >L2([0 ®),dr)

=5;1|//(k+s) (3.26)

where " is the Fourier transform in L*(R), y(r) =e~'", and y is extended
so it satisfies (—r)=7#(r). Also for ke R and |k| small we have

(lk)m m_ iy r
>L2({0 ©),dr) = Z o {n, re* >Z2([0,oc),dr)=0 (3.27)

m=0

ikr ry +r

(n,e"e

Then (3.26) and (3.27) imply that 4 =0. Thus, the orthogonal complement
of the set KU {e”+"} is 0, so Ku {e”+"} is complete in L*([0, o), dr). |

We can now complete the proof of Proposition 3.3. Now
span(K U {€7+"})=span(n(K)w {€7+"}). Since = is an isometry, {e”7*"} is
linearly independent of K, and KU {e”+"} is complete in Z*([0, c0), dr), it
follows that n(span K) has codimension 1 in L2([0, c0), dr). Also, since

n(span K)c n(A#) < L([0, o), dr)
and
n(#°)# LX([0, ), dr)

we have that n(span K)=n(#?). Thus, K must be complete in #.
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Since # can be decomposed as H=Ce"" @AY, it follows that
KU {e7+7} is complete in . The inner product is completely determined
by its real part, so we have that KU {¢”+"} is complete in . Thus, our
eigenvectors form a complete set in #,. ||

So we have proven the following result.

Theorem 3.5. The spectrum of the operator g(zy, kg, f3) on #
consists solely of the eigenvalues E, =k[2g(z+il)] % with n=0, 1, 2,...
and the operator g,(z,, Ay, fo) restricted to #9 has spectral radius strictly
less than 1.

We have established that gz, h, f;) restricted to #9 has spectral
radius less than 1. We would like to show that this property holds for
g/(z0, ho, fo) restricted to #9. Let B, and B, be the operators multiplica-
tion by f; and f,, respectively. Klein and Speis'*?’ and also March and
Sznitman® have proved the following result.

Lemma 3.6. Let {f,},.n be a sequence in s such that
I full o, < M for all neN and some M < + oo. Also let 8, and 8, be such
that [e**" B*)(r)||, < C for some C< +c0, 0, >0, i=1,2, and k=0, 1.
Then there exists a subsequence {f,},cn such that {B,TB,f,}, x is
Cauchy in 4.

We will now show that Lemma 3.6 holds in 4.

Lemma 3.7. Let {f,},.n be a sequence of elements in C(R?) such
that | f,ll, <M for all ne N and some M < +00. Also let f; and f8, be in
Co(R7), the space of continuous functions on R? with compact support. If
Z is the usual Fourier transform in RY, then there exists a subsequence
{fu}ien such that {B,Z B, f,},_ is Cauchy in C(RY).

Proof. Fix n. Then
FLB: L. 1(y)= (2ﬂ)‘q/2f€i"‘yﬁ1(X)fn(X) dx

= (2m) " [ e B(x) £,(x) dx

Dy
where D, is the support of §,.
Now

\Z (B L)) —F (B L)Y N Cly—yl (3.28)
Also

|97(ﬁ1fn)(y)| <C ||.81fn”L1([o,oo),dr)<CM Hﬁl“L‘([O,oo),dr)=C” (3‘29)
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Thus {F B, f,},.n is a family of bounded equicontinuous functions. Since
B, has compact support, it follows by the Arzela~Ascoli theorem that there
exists a subsequence {f,},.n such that {B,#B f,}..n is a Cauchy
sequence in C(RY). ||

Lemma 3.8. Let {f,},.n be a sequence in # such that
£l 2, < M for all ne N and some M < +o0. Suppose 8, and f8, are such
that |le**"B%¥)(r)|| ., < C for some C< 40, a;>0, i=1,2, and k=0, 1.
Then there exists a subsequence {f,},.y such that {B,TB,f,},.n is
Cauchy in 4.

Proof. We first assume that §, and f§, have compact support. Using
Leibniz’ rule and (3.7), we have

(B, TB)S 0N ==~ T falo®) [ e 2pi0(g) f0(o™) g

ki+ky=1

1 o
L(B, TBl)f]’(<P2)=*Eﬁz(wz)fe”‘*’ “Bile?) flo?) dPo’ (3.30)

1 o
—= % BieN) [ e B 9) £ 9) dPo’

ki+ky=1

From Lemma 3.6, Lemma 3.7, and the definition of 5, we get that there
exists a subsequence {f,},.n Of {f,},~ such that {B,TB,f, }, . is
Cauchy in 4.

Let {g,} gen be a family of real-valued functions defined on [0, )
with the following properties:

(1) g, is of class C*([0, cv)) and for some M < +o0,

lg¥(r)) <M  forall geN, re[0,0), and k=0,1

q

(2) gylroy=1and gl 410,=0forall geN.

Let G, denote the operator multiplication by g,, e N. If f e #, then

1GyBif = Biflle=1(2,—1) B1fllw
1(GB Y = (Bif) o =11(8g— D)(B1 /) Il = I 8581 [l o

But {¥g, — p{* in the sup norm as ¢ » +oo for k=0, 1 and g, B, » 0 in
the sup norm as ¢ - +o0. So, again using Lemma 3.6 and the definition
of #, we have the lemma. ||

(3.31)

Lemma 3.8 gives the following resuit.
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Proposition 3.9. The operator g,(z,, Ao, fo) restricted to A has
spectral radius strictly less than 1.

Proof. From Lemma 3.8 we have that g.(z,, 1y, f;) is @ compact
operator on #9¢. Thus we know that the spectrum of 27(2q, ho, fo) 15 a
discrete set having no limit points except possibly 0 and any element in the
spectrum of g,(z, ho, fo) 1s an eigenvalue of finite multiplicity. Since
HO= HY, every eigenvalue of #° must be an eigenvalue of #°. From
Proposition 3.3 all of the eigenvalues of #9 are of the form E, = k(1/4¢%)"
with n> 1. Since |E,| <1 for n=1, it follows that the spectral radius of
g:(zo, ho, fo) is strictly less than 1 when restricted to #9. |

3.3. Stability of the Fixed Point £,

We now introduce some ideas from nonlinear analysis (see, e.g.,
Berger'*) and Hirsch and Smale*).
We will need the following well-known result.

Lemma 3.10. If there exists an operator A: W — B such that the
spectral radius of 4, p(A), is less than 1, then there exists an equivalent
norm |f-|, with |[Af},<u|f]. for some p<1 and for all fe B.

Proof. Now p(A)=Ilim, , , |4|'"=4<1, so there exists some N
such that for a2 N, |4"| <p"<1. S0 Y7, 4" < 0. Define

(oo}

I£l.="2 1471 (3.32)

n=0
Clearly | -|, 1s a norm. We want to show the following:

1) ClfI<IfIle<Co N f1 for some Cy, C,>0.
(i) JAfll.<ullfll, for some u<1 and all fe B.

Since

A< Ifl= Y 14f] (3.33)

and
S 4] <( » uA"n) 171=Cs 11 (3.34)
n=0 n=0

where C, =32, ||A"|, we have (i) with C, =1. Now

l4f ). = i 1A =11 =111 (3.35)
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SO

\4f 1,

o,
177

1—— 1 (3.36)

1_ =~
1A G

Proposition 3.11. There exists a neighborhood V around f; such
that g"(z,, kg, ) converges to f, for every fe V with f(0)=1.

Proof. Since g/(zo, ho, fo) has spectral radius less than 1 when
restricted to #Y, we can define an equivalent norm on #° by

Iflle="2 18720, hos fo) f1l s, (3.37)

and recall that there exists some <1 such that

1gz0, hos fo) flle < 1. (3.38)

for all fe #9 (Lemma 3.10).
Let 0<g<1—p and let C; and C, be positive constants such that

Colflesifla<Clfi. (3.39)

for all fe#9. From the definition of the derivative there exist a
neighborhood V < # of f, so small that

lg(zo, ho, [)— 8(205 ho» fo) — gf(ZO’ hg, fo)(f_fo)“;?l
<e(C/Co) 1 f = foll s, (3.40)

for every f'e V. Since f(0)=(TB(z,h)f)(0) and g(zo, ko, /) =(TB(zo, ho) f )",
it follows that if £(0)=1, then both g(zo, o, /) — &(zos hos fo) and f—fy
will belong to #9. So, using (3.39) in (3.40) gives

1g(zo, ho, /) — 8205 ho, fo) = 820, hos SIS —Sollle <e | f =folle  (3:41)
Thus
I g(zo0s ho, ) — &(205 hos Sl <1820, hos SIS =S+ el f = Folle
<pllf=Sfole+ellf—foll.

=v[lf=foll. (3.42)
where v=pu + ¢ < 1. Using the fact that g(z,, ko, fo) = fo, we have
Ig" (20> hos £)— Sfolle<v* If = Foll. (3.43)

and so g7(z,, ho, f) converges to f; for all fe V with f(0)=1. |
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3.4. Convergence of G,(z, h) in a Neighborhood of (z,, h)

We now introduce the notion of an analytic mapping (see Berger,
p. 84).

Definition 3.12. Let X and Y be Banach spaces over the complex
numbers, and let U be a connected open subset of X. Then the mapping /
from U into Y is complex analytic if for each xe U, he X, y*e Y* (Y*
being the dual space of Y), y*(f{x+th)) is an analytic function of the
complex variable ¢ for |¢| sufficiently small.

Note that for the case X= Y =C, the usual definition of an analytic
function is implied.

Now if F is Frechet differentiable in a neighborhood W around
(2o, ho» fo), then F is analytic in W (see Berger,'*) pp. 84-88). Recall that
Fi(zo, ho, fo) = g/(2¢, ho, fo) — I and the spectrum of g,(zy, g, f) does not
contain 1. Thus F/(zo, o, f) is invertible and we can apply an analytic
implicit function theorem (see Berger,"*’ p. 134) to conclude the existence
of an analytic mapping f: U— #, which is the unique solution to
F(z, h, f(z, h))=0 in a neighborhood U around (z,, Ay) with f(z,, Ag) = fo.
Note that since TB(z, h) preserves the value at 0, we must have
Sz, h)(0)=1.

Since the mapping (z, #) > f(z, k) is continuous, it follows that there
exists a neighborhood U’ < U around (z,, Ay) such that if (z, h)e U’, then
f(z, h)e V. The mapping (z, h) = g(z, h, f (z, h)) is also continuous, so
that for p’ satisfying u < u’ <1, where u is the same as in (3.38), we can
shrink U’, if necessary, to a neighborhood U” = U’ of (z,, 4,) such that if
(z, h)e U", then

lgr(z, b, f(z, ) sl < u lls]. (3.44)

for every se #9 and where |||, is given by (3.37).

Proposition 3.13. There exists a neighborhood U, of (z,, 4,) and
a neighborhood V', of f; such that if (z, /)e U, and if se V, with s(0) =1,
then g"(z, A, s) converges to f{(z, h).

Proof. Recall that V is a neighborhood of f; such that g"(z,, Ao, f)
converges to f, for every fin V' with f(0)=1 and U" is a neighborhood of
(2o, ho) such that if (z, h) is in U”, then f(z, #) is in ¥ and (3.44) holds. Let
V'={feV:f(0)=1} and let 4 be the mapping from U” x V' to R* given
by
Hg(zs k, S) _ g(Z, hs f(29 h)) - gf(Z, ha f(29 h))(S _f(Za h))”e

Alz, b, s)= s — f(z, bl

(3.45)
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when s+ f(z, h). If we define A(z, A, s} to be 0 when s= f(z, &), then the
proof of Proposition 3.1 [in particular, the estimate (3.11)] immediately
gives the continuity of A(z, A, s) in a neighborhood of (zq, Ay, /).

Since A4 is continuous at (z,, Ag, fo), for any & >0, there exists a 6 >0
such that if (z, A, s)e Bs((zq, hy, fo)) [the open ball of radius é around
(20, hos fo) in D, x S, x #] with s(0) =1, then

|A(z, h, [)— A(zg, by, fo)| <& (3.46)
But A(z,, Ay, fo) =0, so that (3.46) is equivalent to
Alz, by s)<e' (3.47)
If we choose &' <1 — u', then we have, as in (3.43),
ig"(z, by s)—f(z, W<V lls— flz, ). (348)
where v/ =¢'+ u’ < 1. Recalling that

1z, 2, )l € 5, 52 = 002X (2, Wl ¢ 5,0 111 )

we have that if (z, h) e U, = Bs((z,, ho)) and if se V| = Bs(f,) with s(0)= 1,
then g"(z, h, s) converges to f(z, #). |

Since g"(zq, ho, 1) converges to f,, there exists an N such that for
every n= N, g"(zq, ho, 1) is in V. Now g(z, A, 1) is continuous in (z, #) and
since g"(z, h, 1) is just composition # times, it, too, is continuous in (z, ).
Thus, there exists a &, such that (z, k)€ B;, ((zo, ho)) = U, implies that
g"(z, h, 1)e V. So, for (z, h) € Bs,((z0, ho)), we have g"(z, h, 1) converging
to f(z, h).

Thus, for (z, h)e B;,(zy, hy) we have that the integrand in (3.3)
converges to the analytic function

B(e?; 2, W)L (z, )(TB(z, h) f(z, 1)](9?)

[analytic in the sense of Definition 3.12 as a mapping from B, ((z,, /1)) to
#,]. Since B(¢?; z, h) decays exponentially and

[&'(z. b, 1)(TB(z, h) &' 'z, b, 1)) 1(e?)

is uniformly bounded in B;,((zo, ho)), we can apply the dominated
convergence theorem to conclude that G,(z, k) converges to the analytic
function G(z, k) given by

Glz, h) = i f Blo? z, ) f(z, h)(TB(z, h) f(z, h)1(9?) d*¢  (3.49)



Anderson Model on the Bethe Lattice 297

Again the analyticity is in the sense of Definition 3.12 as a mapping from
B;,((zg, ko)) to C. Note that if we fix A, then G(-, /) is an analytic function,
in the usual sense, from B;,(z,) to C.

4. ANALYTICITY OF THE DENSITY OF STATES IN A FINITE
STRIP

Theorem 4.1. Let A, be the characteristic function of the Cauchy
distribution with parameter A. For any o and o« satisfying 0 <o’ <a <4
and any bounded interval I, there exists a neighborhood U around A,
in the space S, such that the density of states p(F) is analytic in
{EeC:ReEcl, |ImE| <a'}.

Proof. 1In Section 3 it was shown that for every z, with Im z5> —a
there exists a >0 such that in the neighborhood Bj;((zg, 4y)) around
(zo, o), G,(z, h) converges to G(z, h) [given by Eq.(3.49)] for all
(z, h)e Bs((zo, hy)). Let I be a bounded interval and let R, = {zeC:
Rezel, |Imz|<a'}. Then we can find a finite number of points z,,
i=1,..,m, in R, and corresponding positive real numbers d(z;) such that:

(1) Bs,((z: ko)) is a neighborhood around (z;, h,) such that
G,(z, h) converges to G(z, h) for all (z, h) € B;,,((z;, ho))-
(i1) UL, Bsylz,) covers R,
Take 6,,;, = min 6(z;) and let U= B;__ (h,). Then for any he U and ze R,,,

G,(z, h) converges to G(z, h) and by the remarks at the end of Section 3,
we also have that G(-, &) is analytic in R, for all he U. ]

5. ANALYTICITY OF THE DENSITY OF STATES FOR HIGH
ENERGY

Following Constantinescu et al.,''> we derive a random walk expan-
sion for the matrix elements of the resolvent. For Im z #0 we get

xIR(@Z)lyy= Y (=2)7" [1 Dy(z) " (5.1)

where the sum is taken over all random walks starting at x and ending at
¥, n;,() is the number of times the walk visits site j, z is the length of the
walk and is given by

n=[z nj(w)}—l
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and finally
D(z)= —z+ V(Jj)
The expansion (5.1) will converge absolutely if

Im z| > /k (5.2)
Now integrate both sides of (5.1) with respect to dii=TT, g du:

[[<IR@ > da)= T (=2 ] [ dulo)(—z+0v) " (53)

wix oy jeB

and recall that

G(z)= | (x| R(z) |x di(v)

We can now prove Proposition 1.2,

Proof of Proposition 1.2. We have from (1.6)

Gx, sy =Cxl (H=2) = % (=2 [] [-z+ V()] »

wix—y jeB
w staysin A;

where the sum is taken over all walks from x to y which stay in 4,. Then

65, 3:2)=Gyx yi2 = X (=2) " ] [—z+ V()] "

wix—y jeB
w leaves A;
and if |Im z| >\/E, then the right-hand side of the above equation is just
the tail end of an absolutely convergent series.
Now let A= {z:Imz>0}. Since

1
|G, (x, y;E+ie)|<E forevery x, yed, &>0

we have that G,(x, y; z) is uniformly bounded for Im z = ¢’ for every ¢’ > 0.
Since H, is self-adjoint, G,(x, y;z) is analytic on 4. Finally, since
G,(x, y;z) > G(x, y; z) for Im z>\/l%, we can apply Vitali’s theorem to
conclude that G,(x, y;z) > G(x, y;z) on 4. |

We propose to analytically continue each term on the right-hand side
of (5.3) in z beyond the domain specified by (5.2) and across the real axis.
We will prove absolute convergence of the analytically continued expan-
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sion and this will give an analytic continuation of the left-hand side of (5.3)
in z. Since the density of states p(E) is the discontinuity of (1/2xni) G(z)
along the real axis, the continued expansion will allow us to analyze p(E)
as well.

Fix the connectivity k and for >0 let

d=1(k+1)+2 (5.4
and
r=3k+1)+e¢ (5.5)

Our conditions on /& will be stated in terms of the difference 4(z) — ho(?).
We will require 4 — 4, to be in the space S;.

For the probability distribution g with such a characteristic function
h we make the following observations (see, e.g., Billingsley!'®’):

(i) u has a density w, ie., du(v)=w(v) dv.
(i) w is analytic in the region {ve C: |Imv| < }\{+ii}.
(i) p(E, h)=sup,_g-, Wl v)|—>0as E— Foo.

We now establish the convergence of (5.3). Let z= E + iy, E real, and
consider

1,(2)= [ du(o)(—z +0)~"

Define
I''={v:|Imv|=0,Rev<E—r}
and for n <0
I'y={v:|lv—E|l=r,0<arg(v— E)<m}
while for >0
Iy ={v|v—E|=r, —n<arg(v—E)<0}
Finally
I'y={v:|Imy|=0, E+r<Rev}

and
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For <0 and |E| >r
1(2)= [ duo)(—z+0) " =] du(e)(—z+v) "
-

We now analytically the last integral in the above equation to n<g/2.
Then, in this domain, we have

J du(v){(—z+v)™" SJ du(v)r="<r"
nors ol

and

‘ | dutw)(=z+0)~"

<7 |:% (k+ 1)+E}_n sup [w(v)|

2 vely

So

[ autox—z+0 :

< B (k+ 1)+5}n [t +7rp(E, h)]

It now follows that given 0 <&’ <¢/2, there exists some finite E, (k) such
that for |E| > E,.(h) we have

IL(z)| < [3(k+1)+e]™" (56)
Inserting (5.6) into (5.3), we obtain
[ dio) <5 k@) 1)

< Y 2_nnl1nj(w](z)l

wix—>y jeB

—nj(w)
< Y 2771 B(k+1)+s’]

wx—y jeB
1 —(n+1)
= 3 2—"[§(k+1)+s’]
WX —>y
1 —1
=[§(k+1)+£/] Y [k+1)+2]"

wix — y
w©

—1
=|:%(k+1)+s':l Y Y [k+1)+2]"

n=|x—yl wix—y
lw] =n
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where, as in Section 1, |x— y| is the length of the shortest path from x to
y and |ow| is the length of the walk w. Now the number of distinct walks
of length # starting at a given point is equal to (k+ 1)". So

Udﬂ(v)<XIR(2)|y>‘<B(k+1)+E'}1 ) <1+k2j1>vn

r=lx—yl|

Thus, we have convergence of the analytically continued expansion of the
left-hand side of (5.3) for n <0 and |E} > E_(h). A similar result holds for
n>0. Now the density of states is given by

1
p(E) ='2—m£iflg f dp()[<{x| RIE+in) |x) — (x| R(E—in) |x} ]

I _ . _ :

——lim U dii(v) <x| ROE+in) 1x>— | di(v) <x| R(E—in) !x>]
TlnlO I+ r-

For |E| > E,.(h) both {,. and |_ converge and are analytic in the strip

IIm E| <¢&'. We can now easily prove the following result.

Theorem 5.1. Fix k and £>0 and let § be given by (5.4). For any
¢’ in the interval (0, ¢/2) and any C < +oo, there exists some E(¢', C)>0
such that if A satisfies |[h—holls,<C, then p(E) is analytic in
{E€C:|Re E|>E(¢,C), |[Im E| <¢'}.

Proof. In view of what has been done, it suffices to show that p(E, h)
goes to 0 unformly as E— +oo for all 4 in ||h— Ayl s, < C. But

L f e™h(1) dt

h =
wih, v)[ = |5~

b

12+02
1 1 ;

1 _ t /d

|t 5 | et k() dr

1 o

PO + —
22402 v

VAN

+ ;—ﬂ [ ettty — ho(1)) e

A
Al Al Al

which immediately gives the uniform convergence of p(E, h) to O as
E— +oo. |

Note that the width of the strip can be made arbitrarily large, but the
wider the strip, the stronger the restriction placed on 4 — A,
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6. ANALYTICITY OF THE DENSITY OF STATES IN A STRIP
We now combine the results of Sections 4 and 5 to prove Theorem 1.1.

Proof of Theorem 1.1. Choose &>4(k+1), and then take
¢=3[6—3(k+1)]. From Theorem 5.1 we know that for any ¢ in the
interval (0, &/2) and C < +o0, there exists an E(¢', C) < +o0 such that if 4
is in [|h—hols,<C, then p(E) is analytic in {EeC:|Re E| > E(¢, C),
Im E| <¢'}.

Now choose o <min(d,A) and o' €(0,a). Let I/ be the interval
[—E(e, C), E(¢, C)]. Then we know from Theorem 4.1 that there exists a
neighborhood B,(h,), with r< C, around A, in the space S, such that if
he B,(hy), then p(E) is analytic in the region {Ee C:Re E€, |Im E| <a'}.
So if || —hell s, <r, then, since 6 > a, it follows that [[h— Ayl s, < and so
we have the analyticity of p(E) in the strip |Im E|<e¢”, where
¢"=min(¢e, a'). |

APPENDIX. THE ERGODIC THEOREM ON THE BETHE
LATTICE

Define the level number of a point x, I(x), to be the distance from the
origin 0 to x, i.e., /(x)=|x|. The points on the Bethe lattice will be labeled
as follows:

(i) Label the points whose level number is 1 by (a,), a,=1, 2,..,

k+1.

(ii) Label the points whose level number is 2 and whose path to the
origin must pass through (a,) by (a,, a,), a,=1,.., k.

(iii) Continue the process so that any point x whose level number is
[ is given by the /ltuple x=(a,, as,.., q)), Where a; =1,... k+1, a,=1,.. k
for i>1, and whose path to the origin must pass through (a,,..,a,_,),
(ay,.., a,_,), etc. (see Fig. 2).

Once the points in B are labeled as above, let 7, be the transformation
given by

7,0=(1)
Tl(als---) a/):(19 ay,..., al) lf lgalgk
tk+1,a5,.,a,)=(a;+ 1, as,..., a;)

The transformation 7, essentially “lifts up” the lattice and places the origin
at (1) and then orients it by placing (1) at (1, 1), (2) at (1, 2), etc. (see
Fig. 3).

Now define 7, to be the transformation given by

(ay e )= ((ay + 1) mod(k + 1), (a, + 1) mod &,..., (a,+ 1) mod k)
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Fig. 2. The labeled Bethe lattice (k=2).

The transformation 7, can be viewed as a simultaneous rotation about each
vertex (see Fig. 3). Note that any point x whose level number is 4, can be
written uniquely as t2t90 with 0 < d, <(k+ 1) k%1

As in ref. 1, define f(w)=f(H(w)(0,0)), where f is a continuous
function with compact support. Now define the operators T, by

T;0(x) = o(t;x)
for i=1,2. Using T, and T,, we have, for xe 4,,

SH())(x, x) = f(TPT {o) (A.1)

Fig. 3. The transformations 7, and 1, (k=2).

822/69/1-2-20
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The right-hand side of (1.2) then becomes

1 1
T VU ) = T A )
1 ~
= L JIETie) (A2)

O<sdp < (k+1)k% 1

We now apply a multiparameter pointwise ergodic theorem due to
Zygmund (see ref. 17) to obtain

lim — )3 J(T$T{0)=EE(f(0) |F)| F) ae  (A3)

where #, and % are the g-algebras of the invariant sets of 7, and T,
respectively.
Noting that T, is ergodic, it follows that

E(E(f(0) |#) |%)=E(f(w))=E(f(H(w))(©, 0)) (A.4)

giving the a.e. convergence of | fdN, to | f dN. The vague convergence of
dN, to dN is given in, for example, ref. 1.
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